Then L is a free Lie algebra.
Proof. Suppose false and let F=F(T) denote the free Lie algebra over the vector space T. The identity map: T-^T can be extended (uniquely) to a homomorphism <p of F onto L with nonzero kernel R. R is contained in [F, F] The following observation seems to be lacking in the literature.
Theorem. The sum of the squares of the lengths of the roots of a semisimple Lie algebra is equal to the dimension of a Cartan subalgebra.
As usual the lengths of the roots are taken with respect to the nondegenerate Killing form Tr ad x ad y.
Proof. No generality is lost in assuming the ground field algebraically closed.
Consider the matrix M whose entries are the inner products (a, ß), where a, ß range over all the roots with respect to the Cartan subalgebra H. We have (a, ß) = Tr ad ha ad hß = Y,y y(hah(hß) = X¡7 (a, 7) (7, ß) where ha denotes the dual of a; i.e., a(h) = (ha, h) for all h in H. Thus M2= M and Tr M = rank M. Hence ^2" (<*> °0 =dim H.
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